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PREHOMOGENEOUS VECTOR SPACES AND
ERGODIC THEORY II

DAVE WITTE, AKIHIKO YUKIE, AND ROGER ZIERAU

ABSTRACT. We apply M. Ratner’s theorem on closures of unipotent orbits to
the study of three families of prehomogeneous vector spaces. As a result, we
prove analogues of the Oppenheim Conjecture for simultaneous approximation
by values of certain alternating bilinear forms in an even number of variables
and certain alternating trilinear forms in six and seven variables.

INTRODUCTION

Throughout this paper, k is a field of characteristic zero. We first recall the
definition of prehomogeneous vector spaces.

Definition (0.1). Let G be a connected reductive group, V a representation of G,
and x a non-trivial character of G, all defined over k. Then (G,V, x) is called a
prehomogeneous vector space if it satisfies the following properties.

(1) There exists a Zariski open orbit.

(2) There exists a non-zero polynomial A(z) € k[V] such that A(gz) = x(9)A(z).

Such A(z) is called a relative invariant polynomial. We define V= = {x € V|
A(x) # 0} and call it the set of semi-stable points. If (G,V,x) is an irreducible
representation, the choice of x is essentially unique and we may write (G, V) as
well. The theory of prehomogeneous vector spaces was initiated by Sato—Shintani
[15] and Shintani [17]. If (G, V) is irreducible, the classification is known (see [14]).

In this paper we consider the following three prehomogeneous vector spaces

(1) G = GL(6), V = A%KS,

(2) G = GL(1) x GL(7), V = A3k7,

(3) G = GL(2n), V = A%k*",

We do not need the GL(1)-factor for cases (1) and (3), because having an extra
GL(1)-factor does not change the orbit space G}, \ V;** for these cases.

For any algebraic group G, we denote the identity component in the Zariski topol-
ogy by G°. If G is defined over a subfield of R, we denote the identity component
of G in the classical topology by Gg . . Let (G, V) be one of the prehomogeneous
vector spaces (1)—(3). Let H = SL(n) C G (n =6,7) or H = SL(2n). For z € V3,
let G, be the stabilizer and H, = G, N H.
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Consider the case k = Q. Note that Hg, = Hg. Let I' C Hp, = Hg be an
arithmetic lattice. The second author posed the following question in [20].

IC}Iu;estion (0.5) [20]. (1) If € Vg® is sufficiently irrational, is Hyp , T' dense in
R-
(2) If (1) is true, find an explicit irrationality condition for (1) to be true.

We pointed out in [20] that for almost all € V3® such that HJ has a positive
real rank, (1) is true by the Moore ergodicity theorem. The purpose of this paper
is to consider the question (2) and interpret the result number theoretically. Our
method is based on the following theorem due to Ratner.

Theorem (0.2) (Ratner). Let G be a connected Lie group and U a connected
subgroup of G generated by unipotent elements of G. Then given any lattice ' C G
and © € G/T, there exists a connected closed subgroup U C F C G such that
Uzl = FaT'. Moreover, F/F Nal'z~! has a finite invariant measure.

Note that in the above theorem, the definition of a lattice contains the condition
that G/T has a finite volume. The first statement was called Raghunathan’s topo-
logical conjecture, and the second statement was proved by Ratner in conjunction
with Raghunathan’s topological conjecture. Raghunathan’s topological conjecture
was stated by Dani [2] for one dimensional unipotent groups and was generalized
to groups generated by unipotent elements by Margulis [6], [7]. The proof for the
general case was given by Ratner in a series of papers [9], [T10], [IT], [T2]. For these,
there is an excellent survey article by Ratner [13].

Note that in the above theorem, if GG is an algebraic group over Q and I' is an
arithmetic lattice, the group F becomes an algebraic group defined over Q. For
this, the reader should see Proposition (3.2) [16, pp. 321-322]. It is also proved in
Proposition (3.2) [16, pp. 321-322] that the radical of F' is a unipotent subgroup.
In [16], only one lattice is considered, but one can deduce the above statement
for any lattice commensurable with the lattice in [L6] by a simple argument using
Ratner’s theorem.

The following theorem is the main result of this paper. In statements (1)—(3)
of the following theorem, we consider the prehomogeneous vector spaces (1)—(3)
respectively. Let W be the standard representation of GL(6), GL(7), or GL(2n).
We identify AW and AW with A3(W*)* and A?2(W*)* respectively. We define
the notion of “sufficiently irrational” points in Definition (5.1)(1)—(3).

Theorem (6.15). Suppose x € V§° is sufficiently irrational and the real rank of
H?r is positive.
(1) For any y = (yijx) € AR5 and € > 0, there exists a Z-basis {u1,--- ,ug} of
W3 =2 7 such that
|yijk - x(uivujvukﬂ <€

foralli<j<k<5.
(2) For any y = (yijr) € A>RS and € > 0, there exists a Z-basis {ui,--- ,ur} of
W3 277 such that

[Yije — x(ui, uj, up)| <€

foralli<j<k<6.
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(3) For any y = (yij) € N°R*~! and € > 0, there exists a Z-basis {u1,- -+ ,u2,}
of Wi 2 7™ such that

[yij — x(wi,ug)| < e

foralli<j<2n-—1.

1. THE ORBIT SPACE G, \ V;® (1)

We describe the orbit space G \ V;° in §§1,2. Let W be as in the introduction.
Throughout this paper, for a basis {e1, es,- -} of W, we use the notation e;,...;, =
e N Aeg,.

For case (3), Gk \ V® consists of a single point due to the well known fact that
over any field two symplectic forms are equivalent. Let ey, - - - , €2, be the standard
coordinate vectors of k2". Let w = €1 41 + -+ €y 2n. Then Gy \ V= Gjw and
Gy =G, = H, = H; = Sp(2n).

We consider case (1) for the rest of this section. Let G = GL(6), W = kS, and
V = A3W. It is known (see [14, p. 80]) that this is a prehomogeneous vector space.
Let {e1,--- ,es} be a basis of W. It is known (see [14]) that the orbit of

(1.1) w = e123 + €456

is Zariski open in V.
Let

(1.2) d(A, B) = (g‘ g)
for A, B € M(3,3). Then
(1.3)  G° = {d(A,B) | A, B € GL(3), det A — det B — 1} = SL(3) x SL(3)

and G, is generated by G, and the element

(1.4) i (12 {f) .

This implies that the following sequence
(1.5) 1—-G;, — Gy —Z/22 — 1

which sends 7 to the non-trivial element of Z/2Z is exact. Moreover, this exact
sequence is split. For these facts, the reader should see [14]. Note that the argument
in [T4] works over any ground field of characteristic zero.

For any algebraic group G over k, let H'(k,G) be the first Galois cohomol-
ogy set. We choose the definition so that trivial classes are those of the form
{g’lg"}geGal(E/k) (9 € G1) and the cocycle condition is h,r = h,h7 for a continu-
ous map {ho}tyecqair/k) from Gal(k/k) to Gy.

For & = gw € V3 where g € G, we define ¢, = {9797} eqaii/p) € H'(k,G.).
This definition does not depend on the choice of g. Since H'(k, G) = {1}, by [4, p.
269],

(1.6) G\ V& 32 — ¢, € H(K,Gy)

is bijective.
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Let €, be the set of isomorphism classes of extensions k’/k of degree either one
or two. By the split exact sequence (1.5), we get a surjective map

(1.7) ay G\ Ve — HY (k,2/27) = Cy,.

For x € G\ V;*, we denote the field corresponding to ay (z) by k(z). Let k(o) be
the field generated by an element of the form o = /3. We define w, = go,w where

1 0 O 1 0 0
a 0 0 —a 0 0
0O 1 0 o0 1 0
(1.8) 9o=10 a 0 0 —-a 0
0 0 1 0 0 1
0 0 o O 0 -«

Suppose « ¢ k™ and o is the non-trivial element of Gal(k(«)/k). It is easy to
see that g7 = go7. This implies that (gow)? = gaTwW = gow. So we € V7 and
k(wq) = k(a). Easy computations show that

(1.9) Wq = €123 + 042(6156 — €246 + €345).
We determine G, rationally.
Proposition (1.10). If a ¢ k*, as an algebraic group over k,
Gy, = {gad(A, A%) gt |A € SL(3)k(a) }
= SL(3)k(a)-

Proof. In order to prove an isomorphism between two algebraic groups G1, G2 over
k, it is enough to prove natural isomorphisms between the sets Gi1r,Gor of R—
rational points of G1,G5y for all k—algebras R. For this, the reader should see
Theorem [8] p. 17].

Let R be any k—algebra. For any finite Galois extension k'/k, v € Gal(k'/k) acts
onk'® Rby (x®@r)” =z¥®@r. We define R(a) = k(o) ® R. Then

waR =19 € GSUQR((X) | 9° =g}
Over R(a), we can express elements of G,  as
(1.11) gad(A, B)g,",
where A, B € SL(3)g(a). The element (1.11) is in Gy,  if and only if
9ad(A, B)gy ' = g2d(A%, B7)(g5) ™
= gaTd(A%,B%)1g;"
= gad(B7, A7)g.".
This condition is satisfied if and only if B = A?. This proves the proposition. [

_ I
9aTdo’ = ( 3 —13) '

1 =Gy, — Gy, = 7L/22 — 1

Note that

So the sequence

is also a split exact sequence.
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By Lemma (1.4) [5], H' (, Gy,.) is trivial for all @. So by Lemma (1.12) [5], we
get the following proposition.

Proposition (1.12). The map ay induces a bijection Gy \ V= = €r,.

This gives us an interpretation of the expected density theorem from the zeta
function theory of this case and the zeta function is a counting function of

Ck(oz) (2)Ck(oz) (3)

for quadratic extensions k(c) (Ci(a)(s) is the Dedekind zeta function). However,
we will not consider the zeta function in this paper. For the zeta function theory
of prehomogeneous vector spaces, see [L8], [19].

If k=R, Gr \ Vj§° is represented by wg = w and

(1.13) w1 = €123 — €156 1+ €246 — €345.
As in [14], we define a map D3 : A3W — A2W @ W by
(1.14) Ds(vi ANva Avsg) = va Avg ®v1 — 11 Avg @ Vg + 01 A vy ® U3

for vy, v9,v3 € W.
For x € Vi, we define

(1.15) S, =2 ADs3(x) € W W 2W*®@W = Hom(W, W),

where 2 A (y®2) = (2 Ay) @ 2.

It is proved in [14] p. 80] that there is a relative invariant polynomial A(xz) of
degree four such that S? = A(x)Iy where Iy is the identity map of W. This
implies that

(1.16) A(gr) = (det g)*A(x).
Since S, has eigenvalues +1 (see [14] p. 80]), A(w) = 1. Also since ch k =0
and A(w) € k, we may assume that A € k[V]. Note that detg, = —8a. So

A(wy) = 6402 A(w) = 64a2. Therefore, this gives us the following characterization
of the field k(z).

Proposition (1.17). For x € V®, the field k(z) is generated by eigenvalues of S,.

Let E,1, E.2 be the eigenspaces of S, for the eigenvalues iA(m)%. It is known
[14] that dim F,; = dim F,2 = 3. Let Gr(3,6) be the Grassmann of 3-dimensional
subspaces of W. Let

(1.18) X =(2/2Z) \ (Gr(3,6) x Gr(3,6)),
where Z /27 acts by permuting two factors.

Definition (1.19). Gr(z) = ([E1], [Ex2]) € X.

Since we are assuming ch k£ = 0, k-rational points of X are points which are set
theoretically fixed by any o € Gal(k/k). If z € V3, Ey1, Ex2 are conjugate. So
Gr(z) is a k-rational point of X. The following proposition is obvious.

Proposition (1.20). If z € V* and o € Gal(k/k), Gr(z7) = Gr(z)°.

For general x € V' we cannot distinguish E,; and E,o. But for later purposes,
we choose E,,1 and E,2 so that F,; is spanned by ej, ez, e3 and E, 2 is spanned
by e, es,es. It is proved in [I4, p. 80] that E,1 (resp. E,z2) is the eigenspace of
Sy for the eigenvalue 1 (resp. —1).
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2. THE ORBIT SPACE G \ V® (2)

We describe the orbit space Gy \ V;3® for case (2) in this section. Since this
case has something to do with octonion algebras, we briefly recall the Cayley—
Dickson process. Octonian algebras are often referred to as Cayley algebras also.
For a reference, see [3, pp. 101-110] for example. Note that even though [3]
assumes k = R, the argument for the Cayley—Dickson process works over any field
of characteristic zero.

Definition (2.1). A normed k-algebra is a not necessarily associative finite di-
mensional k—algebra A with multiplicative unit 1, equipped with a non-degenerate
symmetric bilinear form (z,y) for z,y € A such that the associated square norm
|z]| = (x, x) satisfies the multiplicative property

eyl = Nzl lyll.

If A is a normed k—algebra, we denote the span of 1 by Re(A4) and its orthogonal
complement {x € A | (1,2) =0} by Im(A). Any = € A has a unique decomposition
x = x1 + x2 with 1 € Re(A4),z2 € Im(A). We denote Re(z) = 21, Im(z) = z2. We
define the conjugation by Z = 21 — 2. So Re(z) = (2 + ).

Given a normed k-algebra A, we make two new normed k-algebras A(+) as
follows. As a vector space,

Ax)=Aa A.
We define the multiplication and the norm by

(2.2) (a,b)(c,d) = (ac F db, da + bc),
[(a,b)[| = [[all & [[o].
Then we define

((a,0),(c,d)) = %(Il(avb) + (e, )|l = (@, b)[ = [I(c, D))

The algebra A(+) becomes a normed k—algebra by the above product and the
bilinear form. We use the notation a + be for (a,b). Note that if k contains v/—1,
€ — v/—1e induces an isomorphism A(+) — A(—).

For a normed k—algebra A, we define [z,y, z] = (zy)z—x(yz) for z,y,z € A. This
is called the associator. If the associator is alternating, A is called an alternative
algebra. It is known that if A is commutative, A(£) is associative, and if A is
associative, A(+) is alternative. It is known that the norm of A(+) is compatible
with the product if and only if A is associative. The above process is called the
Cayley—Dickson process. It is easy to see that

(2.3) Im(a + be) = Im(a) + be, a+ be = a — be.
The following lemma is proved in [3].

Lemma (2.4). (1) Ty = =z,

(2) (x,y) = Re(zy).
(3) ||zl = xz.

If A, B are normed k-algebras, a homomorphism ¢ : A — B is a k-linear map
such that ¢(1) = 1, ¢(zy) = ¢(z)P(y), and ||¢(z)|| = ||z||. The third condition
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implies (¢(z), #(y)) = (z,y). So ¢(Im(A)) C Im(B). Suppose z,y € Im(A). Then
(x,y) = Re(zy) = — Re(zy). So

(0(2), (y)) = (2,y) = — Re(zy),
(zy — Re(zy)) = ¢(x)¢(y) — Re(zy)
= 0(2)9(y) — Re(¢(z)d(y)) = Im(d(2)¢(y))-

Conversely, ¢ is a homomorphism if the above conditions are satisfied. So we have
proved the following proposition.

Proposition (2.5). A k-linear map ¢ : A — B is a homomorphism if and only if
o(1) =1, ¢(Im(zy)) = Im(¢(2)o(y)), (d(2),(y)) = (z,y)
for all z,y € Im(A).

It is easy to see that

(2.6) k(+) = {(Z —ab>

For k(+4), e = (? _01>, and the conjugation is

)=

For k(+)(—), e = (O _01>, and the conjugation is

(L= (L)

Therefore, Re(z) = 4tr(z) in both cases and the norm is the determinant.

We define H = k(+)(+), O = H(+), and O = M(2,2)(+). O is called the
non-split octonion algebra (if k¥ does not contain \/—1), and O is called the split
octonion algebra.

We consider properties of the split octonion algebra 0. Let

(2.7) C(x,y,2) = (r,y2)

for z,y,z € 0. Suppose = x1 + z2€, y = Y1 + Y26, and z = 21 + 2g€.

Lemma (2.8).
1
C(z,y,2) = 5’51“(1‘1(211?1 — J222) + (U122 + 2152)72)-

Proof. Since yz = y121 — Z2ya + (22y1 + y221)€,
YZ = Z1i1 — Yoz2 — (22y1 + Y221)€,
r(Yz) = x1(Z171 — Y222) + (Y122 + 2172) 22
+ (—(22y1 + y221)x1 + 22(y121 — Z2Y2) €.
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Therefore,
C(z,y,2) = Re(z(yz))
= Re(x1(Z151 — J222) + (J122 + z172)x2)

1
= 5“(%@1@1 — Y222) + (Y122 + 2192)x2).
O
Note that tr(z) = tr(z) for z € M(2,2). Also if z,y,2z € Im(Q), z1 + 7, =
y1+ 71 = 21+ z1 = 0. Therefore, the above lemma and a straightforward argument

shows that C(z,y, z) is an element of A3 Im(0)* (see (6.60) [3, p. 113] also).
Let E;; be the 2 x 2 matrix whose (i, j)—entry is 1 and other entries are zero.

Let
1 0
(2.9) = (0 _1> , f2= Er2, f3= Ene, fo=—FEne,
fs = —Ea1, f6 = Eaze, fr = Erze.

Then {f1,---, f7} is a basis for Im(Q). Let e1,-- -, e7 be the dual basis. Straight-
forward computations (35 computations for (2)) using the above lemma shows the
following proposition and the proof is left to the reader.

Proposition (2.10). (1) Suppose

7
o o I To I3 X7
== (0, )+ (3 5
=
Then ||z|| = —2% + 2225 + 2376 + T4T7.
(2) C = L(e234 + es67 + €125 + €136 + €147).

Let W = Im(Q)*. We choose the above basis {e1, - ,er}. Let G = GL(1) x
GL(W), V = A3W. The GL(1)-factor acts by the usual multiplication. We need
this factor for number theoretic reasons unlike case (1). It is known [14] p. 83-87]
that this is a prehomogeneous vector space and the orbit of

(2.11) W = €234 + €567 + €125 + €136 T €147
is Zariski open.

We use the operation D3 defined in (1.14) again. For € V, we define
(2.12) S, = z(A,®)D3(2)(A,@)Ds3(z) EATW QW QW =W @ W,
where (A, ®) means the wedge product for the first factor and the tensor product
for the second factor. Let ¢ : W @ W — Sym? W be the canonical map.
Definition (2.13). Q, = ¢(S.).

We regard Q, and z as elements of Sym?(W*)* 2 Sym? Im(Q)* and A3(W*)*
respectively. So @, is a quadratic polynomial on W* and x is an alternating tri-
linear form on W*. We use the same notation @, for the associated bilinear form
on W*. We define the action of GL(W) on W* by gf(v) = f(g~'v). In this way,
we identify GL(W) and GL(W™*). Note that if we use bases for W, W* which are
dual to each other and identify GL(W), GL(W*) with the set of 7 x 7 matrices,
g € GL(7) corresponds to tg~! by this identification. It is easy to see that

(214) Q(t,g)x = t?)(det g)ng
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(we are taking the determinant considering g € GL(W)).
One can compute @, for x = w and

(2.15) w' = eg34 + €346 + €127 — €145

by rather long and tedious computations (it takes about 10 hours to do so manu-
ally), and the result is

(216) Qw = 6(—6% + ege5 + e3e6 + 6467),
Qur = 6(—e1eq + eze3).

We verified the above computation by the software “MAPLE” [1] also. For
example, to compute @, we associate a differential form dzs A dxs Adzy+ -+ to
w’ and the input is as follows.

> with(difforms);

> defform(x1=0,x2=0,x3=0,x4=0,x5=0,%x6=0,x7=0) ;

> wi= & (d(x2),d(x3),d(x4))+&" (d(x3),d(x4),d(x6))

+&~ (d(x1),d(x2),d(x7))-&" (d(x1),d(x4),d(x5));

> vi= x2*%d(x3)&"d(x4)-x3*d(x2) & d (x4) +x4*d (x2) &~ d (x3)

+x3*d (x4) &~ d (x5) -x4*d (x3) &~ d (x5) +x5*d (x3) &~ d (x4)
+x1xd (x2)&"d(x7) -x2*d (x1) &~ d (x7) +x7*d (x1) &~ d(x2)
-x1*d (x4)&"d(x5) -x4*d (x1)&~d(x5)+x5*d(x1)&"d(x4) ;

> w&v&Tv;

Since @, is non-degenerate, the discriminant of @), is a non-zero relative invari-
ant polynomial of degree 21 and this reproves the existence of a relative invariant
polynomial. Since @, is irreducible, @, is irreducible as a polynomial of v € W*.
If @, is divisible by a non-constant polynomial p(z) of z, p(x) is a relative invariant
polynomial. Since Q. is degenerate, p(w’) = 0. But since Q. is non-zero, this is
a contradiction. So we get the following proposition.

Proposition (2.17). As a polynomial of (z,v) € V@ W™*, Q. (v) is irreducible.

If A is a normed k-algebra, Re(A) is contained in the center of A. So the
structure of A is determined by its restriction to Im(A). On W*, we define a
product structure ( - ), depending on x by the equation

(2.18) 3x(v1,v2,v3) = Qu(v1, (V2 - v3)s)

for all vy, vq,v3 € W*. It is known [14], p. 86] that (G,V') has a relative invariant
polynomial A(x) of degree seven. Since ch k = 0, we may assume that A(z) € k[V]
and A(w) = 6. Clearly, A((t,g)z) = t"(det g)3A(x). For x € V5 and v € W}, we
define

(2.19) [vlle = Az) ™ Qx(v).

Definition (2.20). O, is the algebra k@ W* such that W* = Im(Q,). The norm
is defined by ||v|| = ||v||z for v € W*, and the product vive for vi,vy € W* is
defined by

Re(viv2) = —A(J?)_le(’Ul,Ug), Im(viv2) = (v1 - v2),.

If = w, the product structure and the norm of O, coincide with those of @)
by Proposition (2.10). Therefore, Q,, = O and is a normed k-algebra. Suppose
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z,y € V¥, (t,9) € Gy, and y = (£, g)x. Then we define my ,, (¢ 4) : W* — W* by

(2.21) Mgy (t,9) (V) = t2(det g)gv
for v € W*. Note that we are taking the determinant of g considering g € GL(W).

Proposition (2.22). (1) For all z € V;*, O, is a normed k-algebra and is a
k—form of 0.

(2) If x,y € Vi®, (t,9) € Gi, and y = (t,9)T, My y (1.q) 15 an isomorphism of
normed k-algebras from O, to Q.

Proof. Let m =my y (1 4)- Then

Qy(gvr, (m(v2) - m(vs)),y) = t*(det 9)*Qy(gv1, (gv2 - gv3)y)
= 3t*(det 9)*y(gu1, gua, gvs)
= 3t*(det 9)%g~ "y(v1, va, v3)
= 3t°(det g)x(vy, v2, v3)
= t°(det 9)*Qu(v1, (v2 - v3).)
= 1% det gQy(gv1, g(v2 - v3)2)
= Qy(gv1, m((v2 - v3)z)
for all vy, vq,v3 € W,
Therefore, (m(ve) - m(vs)), = m(vs - v3)s. Since
A@) 1@ (m(v1). m(v2) = (¢ (det g)?) ™44 (det )2A () Q, (g1, 9v2)
= (t3det g) ' A(z) 3 det Q. (v1, v2)
= A(2) ' Qu(v1,v2)

for all v1,v9 € W*, m preserves the norm also.
Since O, is a normed k-algebra, this proves both (1), (2). O

Let O be the set of k—isomorphism classes of k—forms of 0. We regard Aut ((6)) C

GL(Im(Q)).

Lemma (2.23). If g € Aut(0), detg = 1.

Proof. Since Q. (gu1,gv2) = Qu(v1,v2) for all v,ve € W*, (detg)? = 1. Since
g(v1 + v2)y = (gu1 - gU2)w, gw = w by (2.18). It is proved in [T4, p. 86] that if
g € Gy NGL(W), (det g)*> = 1. This implies det g = (det g)3/(det g)? = 1. O

Proposition (2.24). The map
ayv G\ VP22 -0, €90
is well defined and is bijective.

Proof. Ifx,y € Vi®, (t,g9) € Gy, and y = (t, g)x, then my , ; 4) is @ k-isomorphism.
Therefore, the above map is well defined. Suppose z,y € V;® and ¢’ : O, — O,
is a k—isomorphism. Regarding ¢’ € GL(W); (by considering the contragredient
representation), let t = (det g’)3, g = (detg’)~'g’. Then (t,g) € G} and t*det gg =
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g'. Since A(z) 1 Qu(v1,v2) = A(y) 1 Qy(g'v1, g've) for all vy, vy € W*, by a similar
argument as in Proposition (2.22), Qt,g)-1, = Qz. So
3t (det g)g ™ "y(v1,v2,v3) = 3y(gv1, g'va, g'v3)
= Qy(gu1, (g'v2 - g'v3)y)
= Qy(gv1,9'(v2 - v3))
= 1% det gQy(gv1, g(v2 - v3)s)
= t°(det g)QQ(t,g)*l (v1, (v2 - v3)a)
= t°(det 9)?Q. (v, (v2 - v3)z) by the above remark
= 3t°(det g)2x(vy, v2, v3)

for all vy,vq,v3 € W*.

Therefore, y = (t,g)x € Gia.

Let A be a k—form of O corresponding to a cohomology class ¢ € H' (k, Aut ((O)))
Suppose ¢ = {hs}s. Then

Im(A);, = {v € Im(Q); | hev” = v for all o € Gal(k/k)}.

Since Aut(@) C GL(Im(0)) and H'(k, GL(Im(Q))) is trivial, there exists ¢’ €
GL(O); such that ¢ = {¢’"'¢’?},. Then

Im(A), = {v € Im(Q); | ¢ '¢’7v7 = v for all ¢ € Gal(k/k)}
= {v e Im(0Q); | ¢"v” = g'v for all o € Gal(k/k)}
= {v e Im(Q); | g'v € Im(Q)}.
Let t = (det ¢’)% and g = (det ¢')~'g’. Then (¢,g) € Gj. By Lemma (2.23),
(t,9)7'(t.9)7 = (Lg'g'7) € G-

So this defines a cohomology class in H'(k,G,,). This implies that = = (¢, g)w
Vi, Since ¢' = My 4, (1,9), ¢ induces an isomorphism from Im(@) to Im(OQ, )
Therefore, A = Q,. O

Remark (2.25). Tt is proved in [14], [] that G \V3®* = H' (k, Aut (0)). So the credit
for the existence of a bijective correspondence between Gy, \ V** and O should go
to Sato-Kimura [14] and Igusa [4]. However, we constructed O, € O for x € V3,
and the fact that this particular correspondence is bijective still required a proof.
The operator D3 was considered in [I4]. The fact that the stabilizer of w is a group
of type G2 at least goes back to [14].

For the rest of this section, we describe the orbit space Gr \ V§* = GL(W)r \ V£°.
We will show that G \ Vi® consists of two orbits corresponding to O, 0.

It is known that O, Q are the only R—forms of O. We can identify H with C(+)
by

a+bi+cj+dk — (a+bi)+ (c+ di)e.
So H® C and M(2, 2)¢ are isomorphic by the map

. . a++v—-1lc —b++/—-1d
a+bz+0j+dk—><b+ 4 a— Tlc)

for a,b,¢,d € C (see (2.6)).
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Therefore, by considering O = H(+), O = M(2,2)(+), 0® C and O ® C are
isomorphic by the map
O((y17 + y2j + ysk) + (ya + ysi + yej + yrk)e)

_( V-1ys —y1+\/—1y3>+(y4+\/—1y6 —y5+\/—1y7)6
Y1+ vV—1lys —V—=1y2 ys +vV-lyr  ya—+v-1lys )

Let y = (y17 + y27 + ysk) + (ya + yst + y6j + yrk)e. We define

0 -1 0 0 -1 0 0
V-1 0 0 0 0 0 0
0 V-1 0 0 —v—1 0 0
g1 = 0 0 1 0 0 1 0
0 0 0 -1 0 0 —1
0 0 v—1 0 0 —v—1 0
0 0 0 —v/—1 0 0 v—=1
Consider f1,---, fr in (2.9). Suppose = = EZ:1 x;fi = ¢(y). Then
Y T
L =tert
yr z7

Note that det g1 = 23. So we put t = 2, g = 273¢; following the argument of
Proposition (2.24). Then t? det gg = g1.

Consider (t,g) € GL¢. Since tgv = 25g;v for v € W, under (¢,g), (e1,--- ,er)
maps to 2%(e1, -+ ,er)g1. By an easy computation,

(2.26) wy = (t,g)w = 27 (e145 — €167 + €347 — €356 + €123 + €216 + €257).
By the proof of Proposition (2.24), w; corresponds to Q. It is easy to see that
(2:27) lo@)llw = yT + - - + 7.
Since A(wy) =226, Qu, (y) =2°-6(yf + - -+ + y2). Since H, C SO(Qu,), the
real rank of H},  is zero.
3. INTERMEDIATE GROUPS

For x € V;*, let b, be the Lie algebra of H. Consider the element w for cases
(1)—(3). Let by = by, and by = sl(6), sl(7), or sl(2n). In this section, we consider
Lie subalgebras of hy containing h;.

We first consider case (1). Clearly,

o e{ Y

tr(A) = tr(B) = O} .

Let
(3.2) U = {(8 g) ‘ Ue M(373>},
up = {(8. 8) ‘ UGM(3,3)},
{5
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Obviously by is contained in the following Lie algebras

(3.3) hs = b1 ©u1, hs = b1 Dug,
hi=h1 &t hy=h Bu &t b, =h Duy & t.

Proposition (3.4). If b1 C f C ba is a Lie subalgebra, f = b1, b}, ba, bs, b, ba, or
b-
Proof. As an h;—module, ho decomposes as a direct sum of representations as

(3.5) ho=h1 Du; Dus dt.

Let Ay, A2 be the usual fundamental weights of sl(3), and Vi, Vs the irreducible
representations with highest weights Ay, Ao respectively.

Thenu; 22 V1®Vs, us = Vo®V7, and tis the trivial representation. Let V3 be the
representation of sl(3) with highest weight Ay + As. Let V31 be the representation
of h; which is the tensor product of V5 for the first factor of sl(3) and the trivial
representation for the second factor of sl(3). We define V3 o similarly. Then by is
V31 ® V32 as a representation of h;. No two of these irreducible representations
are equivalent. So

(3.6) f=b®FNu)®(FNu) ®(FNH).

Clearly, f Nu; = uy or 0, etc. Since h1,uy,us generate ho, if § contains both
Uy, Ug, f = ho. This proves the proposition. O

We define H,,; = H;,, Hy2 = H and
Hys = {<§ g) ‘ A BeSL3), Ue M(3,3)},
(3.7)

Hyp = {({} g) ‘ A, B e SL(3), UeM(3,3)}.

If k=R and =z = gw for g € Gg, we define
Hyg = Hyg,, Hyor = Hg,

x
(3.8) B 1 _ 1
Hysr = gHy3rg ™, Hpar = gHuwarg™ .

This definition does not depend on the choice of g € Gg.
Proposition (3.9). Suppose © € Grw. Then if Hygy C F C Hg is a closed

connected subgroup whose radical is a unipotent subgroup, F = Hyigr, Hyor, Hysr,
or Hpug.

Proof. Let | be the Lie algebra of F. Then hig C g 'fg C bhar. So g 'fg =

hir, bR, b2r, B3k, bar, b, or h)r. But it cannot be b, b5z or by because the
radical of F' is a unipotent subgroup. This proves the proposition. O

We consider the orbit of wy (see (1.13)) next. Let g.,, = g 1 (see (1.8)).

Proposition (3.10). Let x = gw; for g € Gg. Then if Hyp, C F C Hyg is the
identity component of the set of R—rational points of an algebraic group defined over
Q whose radical is a unipotent subgroup, F'= HZ7p  or Hg.
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Proof. As in the previous proposition, we only have to consider the case xz = w;.
Let f be the Lie algebra of F', and Fr C Hc the closed connected subgroup whose
Lie algebra is fc. Then the radical of Fr is a unipotent subgroup and F' is the
identity component of the set of R-rational points of Fr. So by a similar argument
as in Proposition (3.9), fc = buw, 10 huw, 20, Bwyac, OF huw,ac. We show that the last
two cases cannot happen. Since the argument is similar, we only consider the case
f - hwl 3C-
This implies that

A U\ _
Fc = {gw1 (0 B) gw11
A U —1 . . . . 3
The element gy, 0 p)Yw Bsan R-rational point if and only if B = A and

U=0.So
B A 0\ _,
ot e

This implies f = by, r, which is a contradiction. [l

A,BeSL(3)c, U e M(3,3)C} .

Ae SL(3)C} = HS 5.

Next, we consider case (2). Let hz = s0(Qy).

Proposition (3.11). Suppose k is algebraically closed. Then if b1 C f C b2 is a
Lie subalgebra, f = H1, b2, or hs.

Proof. Recall that b is the simple Lie algebra of type G2 and h; C hs C ho. Let
W be the standard 7 dimensional representation of sl(7). As a representation of
b1, W is irreducible and has highest weight equal to a fundamental weight A;.
There are no non-trivial representations of h; of lower dimension. The h;—invariant
complement to by in b3 is 7 dimensional and non-trivial (as b3 is simple). Therefore
hs = h1 @ W. Now consider hs C ho. Let 6 be the order two automorphism of hs
defined by 6(X) = —*X (the adjoint with respect to Q). Then the fixed point set
of 0 is h3. Write ha = b3 @ U, the +1 eigenspace decomposition for 6. Then [U, U]
is contained in hs and is hs—invariant, so [U,U] = h3. Note that ho = W @ W*
and W =2 W* as ho—representations. Because the weight 2A; does not occur in b3,
this implies that the representation U has highest weight 2A;. The irreducible
representation with highest weight 2A; has dimension 27 [14, p. 21], the same as
U, so U is irreducible. Thus, ho = b1 @ W & U, as representations of b;.

Now suppose that f is a subalgebra with h; C f C by with § # bhs. Then if §
contains U it contains h3, so must equal hs. The proposition follows. O

Corollary (3.12). Suppose x € Vg*. Then if Hyp C F C Hg is a closed con-
nected subgroup, F' = HZp  ,SO(Qy)r, or Hg.

Proof. Let f be the Lie algebra of F. Then h,c C fc C hac and f = fcNbh2. Suppose
x = gw where g € G¢. Then

9 'hacg = hic C g 'fcg C bac.
So g7 fecg = bic, s0(Quw)c, or hac. Therefore,

fc = ghicg ' = bac, 950(Qu)cg” "t =50(Qz)c, or hac.
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This implies that
f = bea SO(Q%)R) or UQR-

Finally, we consider case (3).

Proposition (3.13). If Hyr, C F C Hg is a closed connected subgroup, I =
Hig, or Hg.

w.

Proof. Let f be the Lie algebra of F'. Then by C f C ho. Let Ay, Ao be the first and
the second fundamental weights of h;. Then the standard representation V; = W
of h; has the highest weight A;. Let V5 be the irreducible representation of b
with highest weight As. Since w is a G, —invariant non-degenerate bilinear form on
W*, W is equivalent to W*. So by plus the trivial representation is equivalent to
W @ W. Clearly W @ W = A2W @ Sym? W. It is known (see [14, pp. 14,15]) that
A2W is a sum of V5 and the trivial representation. As a representation of b1, by is
irreducible and has the same highest weight 2A; as Sym? W. By eliminating the
trivial representation,

ha = b1 & Va.
Since b1, V2 are not equivalent, f = h; @ (N V3). So f = by or ha. O

Since V3® is a single Gr—orbit in this case, the following is an immediate conse-
quence of the above proposition.

Corollary (3.14). Suppose x € Vi°. Then if HY
nected subgroup, F'= HJg . , or Hg.

ry C F' C Hg is a closed con-

4. THE FIXED POINT SET OF H_,

We consider the fixed point set of Hy for z € V;J°. Throughout this section, we
assume that k is algebraically closed.
We first consider case (1). Let W be the standard representation of GL(6).

Proposition (4.1). If y € V;, is fized by HS,, there exist oy, a2 € k such that
Y = €123 + (2€456.-

Proof. We use the notation of (3.1)-(3.6). Let Vj,; be the representation of b
which is the tensor product of V; for the first factor and the trivial representation
for the second factor. We define V; o similarly. Then W = Vi 1 @ V1 2. Therefore,
(4.2) NW 2NV 0 (NV1@ Vi) @ (Vig @A Vi) @ A3V

The second and the third factors are irreducible and non-trivial, and the first and
the fourth factors are the trivial representation. Therefore, the dimension of the
subspace

{yeV]gy=yforalge H,.}

is two.
Obviously, aje123 + aseqss belongs to the above space for all aq, as € k. This
proves the proposition. O

The following is an immediate consequence of the above proposition.

Corollary (4.3). Let x € V. Then if y € Vi, is fized by HS,., Gr(y) = Gr(z).
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We consider case (2) next. Let W be the standard representation of GL(7).
Proposition (4.4). Ify € V}, is fized by Hy,., y is a scalar multiple of w.

Proof. We use the notation of Proposition (3.11). Recall that HY is a simple group
of type G2 and W is the 7 dimensional irreducible representation with highest
weight A;. We show that the 35 dimensional representation A3W contains the
trivial representation exactly once. The weights of W are the short roots of go,
together with zero, so the non-zero weights form the vertices of a regular hexagon
centered at 0. Therefore, by listing the non-zero weights ag,--- ,ag in the order
they appear around the hexagon (with oy = A1), we have a;—1 + ;41 = «; for
1 < i < 6 (with subscripts read modulo 6). So one sees that the highest possible
weight of ASW is 2A; (from the sum g + a1 + a2) and the multiplicity of the zero
weight is 5 (from the three sums of the form —a; + 0+ a; and the two sums of the
form a; + @42+ t4). Since the irreducible representation with highest weight 2A4
has dimension 27 and must occur, 8 dimensions remain. As the smallest nontrivial
representation of G2 has dimension 7, the only possibility is W plus one copy of
the trivial representation. Thus, X3W =U @ W @ k. O

The following is an immediate consequence of the above proposition.

Corollary (4.5). Let « € V. Then if y € Vi is fized by Hy)., y is a scalar
multiple of x.

Finally we consider case (3). Let W be the standard representation of Sp(2n).
As we pointed out in §3, A2 is a sum of a non-trivial irreducible representation
and the trivial representation. Therefore, the following proposition follows by an
argument as above.

Proposition (4.6). Let x € V. Then if y € Vi is fixed by H,, y is a scalar
multiple of x.

5. THE ORBIT CLOSURE

In this section, we formulate irrationality conditions for z € V§® for cases (1)
(3) and prove that the orbit of Hgp, in Hg/I' is dense if x € V3* is sufficiently
irrational.

Consider case (1). Let G,V, W, wg = w,w, etc. be as in §1.

Definition (5.1)(1). A point * € Grw is sufficiently irrational if both [E,1],
[Er2] € Gr(3,6)c are irrational and Gr(x) € ((Z/2Z) \ (Gr(3,6) x Gr(3,6)))r is
irrational. A point x € Ggw; is sufficiently irrational if

Gr(z) € ((Z/)27) \ (Gr(3,6) x Gr(3,6)))r

is irrational.

Note that if z € Grwy, E,1, Ezo are complex conjugates of each other. So
the irrationality of one of [E,1], [E.2] implies the irrationality of the other. Also
even though we cannot distinguish [E,1], [E.2], if we say both are irrational, the
statement makes sense.

Next consider case (2). Let G,V, W, etc. be as in §2.

Definition (5.1)(2). A point x € Vi is sufficiently irrational if [Q,] €P(Sym?® W)g
is irrational.
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Next consider case (3). Let W be the standard representation of GL(2n) and
V=AW,

Definition (5.1)(3). A point x € Vj® is sufficiently irrational if [z] € P(V)g is
irrational.

Now we are ready to prove that the orbit of HJp, is dense.

Theorem (5.2). Let I' C SL(W)gr be an arithmetic lattice. Then if x € V§° is
sufficiently irrational in the sense of Definition (5.2)(1)-(3) and the real rank of
HZYy s positive, H7p T is dense in Hg.

Proof. Note that the real rank of HJg is positive for all = € V§® for cases (1), (3),
and for x € Grw for case (2).

The proof for case (2) is the same as the proof of Theorem (5.1) [20] (using
Corollaries (3.12),(4.5)). The proof for case (3) is also similar using Corollary
(3.14) and Proposition (4.6). So we only consider case (1).

By Theorem (0.2) (Ratner’s theorem), there exists a connected closed subgroup
Hpp, C F C SL(W)g such that Hp I' = FI'. By Proposition (3.2) [I6, pp.
321-322], F is defined over Q and the radical of F' is a unipotent subgroup. So by
Propositions (3.9), (3.10), F = Hyir, Hyor, Hysr, or Hyag.

Suppose I = Hgp . Since F' is defined over Q, for any o € Aut(C/Q), Fg = Ft.
So Hp,o = HJ» = H2. Since this group fixes 27,

Gr(z)? = Gr(z?) = Gr(x)
by Proposition (1.20) and Corollary (4.3). Since this is the case for all o, Gr(x) is
a Q-rational point of (Z/2Z) \ (Gr(3,6) x Gr(3,6)), which is a contradiction.
Suppose F' = H,sg or Hyur (which means ¢ € Grw). Since the argument is

similar, we only consider the case F' = H,3g. Suppose z = gw for g € GL(W)c.
Then if 0 € Aut (C/Q), z° = g°w and

i S (A7 U\
HIJC:{Q (0 Bo’)(g)l

= {g" (81 g) (g°)7!

= I1xe3C-

Since this group is defined over Q, Hysc = Hl3c = Hyosc. Note that [Eyq] €
Gr(3,6)c is the unique point fixed by Hysc. Since g[Ey1] (resp. ¢7[Eywi]) is fixed
by Hysc (resp. Hyosc), 9[Ew1] = ¢°[Ew1] = (g[Ew1])?. Since this is the case for all
o, g[Ew1] must be a Q-rational point of Gr(3,6). So either [E,;] or [Fyo] is a Q-
rational point of Gr(3,6), which is a contradiction. This proves that F = Hg. O

A,B e SL(3)¢, U € 1\/[(37 3)@}

A,BeSL@3)c, Ue M(3,3)c}

6. ANALOGUES OF THE OPPENHEIM CONJECTURE

We prove our main theorem of this paper in this section.

We consider case (1) in (6.1)—(6.6). Consider V, W, {e1,--- ,es}, v, wo = w,wy in
§1.
Proposition (6.1). Let y = (yix) € AR5, and € > 0. Then there exist 29 =

(20,i5%) € Grwo and z1 = (z1,ijk) € Grwi such that |yix — z1i56] < € for 1 =
0,1, 1<i<j<k<5.
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Proof. Let z = (2;;1) and

2934 —Z134 2124 2156 —Z2146 2145
(6.2) X = | 2235 —2135 2125 |, ¥ = | 2256 —2246 2245
2936  —2136 2126 2356 2346 2345

Note that z € Grwyg (resp. z € Grw;) if and only if A(z) > 0 (resp. A(z) < 0).
It is proved in [14], p. 83] that

A(Z) = (21232456 — tI"(XY))2 + 4z193detY
(6.3) +dzizdet X — 4 det X det Y,

,J

where X;;,Y]; are the (¢, j)-minor and the (j,4)-minor of X,Y respectively.

As a polynomial of z456, this is a quadratic polynomial and the coefficient of
3256 is 2%23. Given y, we can choose z123 # 0 close to y123. By taking z456 > 0,
A(z) > 0. So the existence of zy follows.

We try to choose z; so that z1 ;56 = 0 unless (¢,7) = (1,5),(2,4),(4,5). So we
assume z;;6 = 0 unless (¢,7) = (1,5),(2,4), (4,5) in the following. We first choose
z123 # 0 close to y123. Then

(6.4) A(2) = 2253(2456 — 2195t (XY))? + 42195 det Y
+ 4(z456 — 2725tr(XY)) det X
+dziphtr(XY) det X — 4 det X, det Y.
,J

As a quadratic polynomial of z456 — zﬁétr(XY), (6.4) can take a negative value
if the discriminant is positive. Let

(6.5) f1(2) = 162755(—21232345 + 22342135 + 21452235)-

Then a simple consideration shows that there exist polynomials fa(z), f3(z), fa(2)
which depend only on (2;;k)i<j<k<s such that the the discriminant of (6.4) is

(6.6) J1(2)z1562246 + f2(2) 2156 + f3(2) 2246 + fa(2).

Note that if f is a non-zero polynomial on a real vector space Ug, the set {p €
Ur | f(p) # 0} is open dense in Ur in the classical topology. Since fi(z) is not
identically zero, we can choose (ziji)i<j<k<s close to y so that fi(z) # 0. If
fi1(z) > 0, we choose z156 = 2246 > 0. If f1(z) < 0, we choose z156 = —z246 > 0.
In both cases, we can make (6.6) positive. O

We consider case (2) in (6.7)—(6.13). Consider V, W, {e1,--- ,er},v,w in §2. We
use the notation e;,..;, = e, A--- Ae;, as before.

Proposition (6.7). Let y = (yijx) € A’RS, and € > 0. Then there exists z =
(zijk) € Grw such that |y;ji — ziji| < € for 1 <i < j <k <6.
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Proof. We try to choose z so that z € V§°, Q,(v1) > 0, and @Q,(v7) < 0. This
condition ensures that ), is indefinite and therefore, z € Grw. Let
J<k,j <k, j"<k' }
{j7kaj/7k/7j”7k/l}:{25"' 77} ’
N PP 1< 4,1 < g, 1" < g,
IQ - {(Zajal yJ st 5] ) {i;jyilyj/;i,/;j,/} — {17 76} )
I3 = {(j7k7j/7k/) |,7 < k7.j/ < k/7 {j7k7j/akl} = {3745576}}

(68) L = {(j7k7j,ak/aj”ak/,)

Lemma (6.9). (1) The coefficient of v? in Q. is
2 ... 7
f1 (Z) = Z sgn (] . k/,> lekzlj/klzljuku.
(4,k,3" K, 5" k") €T
(2) The coefficient of v2 in Q. is
1 .- 6
fQ(Z) = Z sgn <Z L j,,> Zij TRl §IT R 5T
(2,5,8,37,1"",5" ) €12
Proof. We consider (1) first. Consider z A D3(z) A D3(z).
(6.10) D3(Z) = Z Zit 1 k! (6jlk/ Rey —epp ey + ey & ex)-
i <j' <k

Since j', k' > 1, the terms in the right hand side of (6.10) which has e; as the
second factor are those with i’ = 1. Therefore,

(6.11) z A D3(z) A D3(z)

= Z Z Z Tijk 15k T1jk €ijk N €y Nejrpr | @ el @ er
ig.k 5k 51k

Clearly, ;i A ejrir Aejrgr =0 unless i = 1 and (4, k, j', k', ", k") € I. So we
only have to consider indices in I;. If (5, k, 5", K, 7", k") € I,

2 ... 7
€1k N €k N € = 8gn (j k”) €1234567-
This proves (1).
Note that
67;]'7 A 61'/3‘/ A 61'//]'// = eij A ei/jf A eiuju A er.
So (2) is similar. O

We consider z such that z;;7 = 0 unless (4,7) = (1,2),(3,4),(5,6). Note that
this has no effect on z;;, with ¢ < j < k < 6. We define

(6.12) fa(z)= Y SgnG ,S)Z“ljkzlj'k'-

(4:k,5" k") €3

The following is an immediate consequence of the above lemma.
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Corollary (6.13). Suppose z;j7 = 0 unless (i, j) = (1,2),(3,4),(5,6). Then there
exists a polynomial f4(z) which does not depend on z127, 2347, 2567 Such that

J1(2) = 32127 f3(2) + fa(2), f2(2) = 6212723472567

Since f3(z) is non-zero, we can choose (2, )i<j<k<¢ arbitrarily close to y and
f3(z) # 0. If f3(z) > 0, we choose z127 > 0, 23472567 < 0. If f3(z) > 0, we choose
z127 < 0, zsarzser > 0. In both cases, fi(z) > 0, fa(z) < 0. Since Vj§® is open
dense in Vi, we can replace z if necessary and assume that z € V§®. In this process,
the condition fi(z) > 0, f2(z) < 0 can be preserved. This completes the proof of
Proposition (6.7). O

Now we consider case (3). So G = GL(2n), W = Q?", V = A2W. In this case,
Vi® is a single Gr—orbit. So the following proposition is obvious.

Proposition (6.14). Let y = (y;;) € N2R*! and € > 0. Then there exist
z = (2i5) € Vi° such that |y;; — zij| <€ for1 <i<j<2n-—1.

Now we are ready to prove our main theorem. In statements (1)—(3) of the
following theorem, we consider the prehomogeneous vector spaces (1)—(3) of this
paper respectively. Let W be the standard representation of GL(6), GL(7), or
GL(2n). We identify ASW and A?2W with A3(W*)* and A%(W*)* respectively.

Theorem (6.15). Suppose x € V§* is sufficiently irrational in the sense of Defi-
nition (5.1)(1)-(3) and the real rank of Hp is positive.

(1) For any y = (yijx) € A3R® and € > 0, there exists a Z-basis {u1, - ,us} of
Wy 2 Z° such that

yie — @ (wi, uj, ug)| <€
foralli<j<k<5.
(2) For any y = (yijr) € A>RS and € > 0, there exists a Z-basis {ui,--- ,ur} of
W3 277 such that
lyie — @(wi, uj, ug)| <€

foralli<j<k<6.

(3) For any y = (yij) € N2R*~! and € > 0, there exists a Z-basis {u1, - ,u2,}
of Wj 2 7" such that

lyij — w(ui, uz)| <€

foralli<j<2n-—1.
Proof. Since the proof is similar we only consider case (1). For cases (2), (3) the
argument is similar using Theorem (5.2) and Propositions (6.7), (6.14).

By Proposition (6.1), we can choose z = (z;;x) € Gra such that |yir —2z1,ik| < §
forl =0,1, 1 <7< j < k <5. Since any element of Gr can be written as a product

of an element of Hg and a scalar matrix, we can choose b’ € Hg and A € R\ {0}
so that 'tz = A\z. Let

A3

h=h € Hg.

>
Wl

:
A3

We put 2’ = h~ 'z, Then if 2’ = (2{;;,), 21, = zijx for alli <j <k <5.
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By Theorem (5.2), H7p, Hz is dense in Hg. So we can choose hy € H7p, and
hy € Hz so that hyihs is close to h. Then (hihy) o = h;lhflfc = h;lx is close to
2/ =h7'z. Let f1,---, fs be the standard coordinate vectors of W*. Since h;lx is
close to 2/, we can assume that

(&' (Fir f3: Fi) = b @ (fis f: Ji)| = |zign = @(hafis hafs hafi)] < 5

foralli < j <k <b5.
Let uq = haf1, -+ ,us = hafs. Since he € Hz, {u1,--- ,us} is a Z-basis of W;;.
Moreover,

[Yije — 2 (ui, uj, ur)| < |yije — zije| + [2ige — 2(wi, uj, up)| < €

for all 1 < j < k <5. This proves the theorem. [l

NOTE ADDED IN PROOF

The authors belatedly realized that the proof of Proposition (2.24) is slightly
incorrect and the following adjustment has to be made.

(1) In the first part of the proof of Proposition (2.24), using the assumption that
g’ is compatible with the product and the norm, one can deduce that

gl_ly(vla V2, 1)3) = A(x)_lA(y)x(vl, V2, ’U3)~

This implies that y = (A(x) "' A(y), ¢ )z € Gya.
(2) In the second part of the proof of Proposition (2.24), we have to put = =
(1,¢")w. It is easy to see that x € V;** and m,, 5 (1,4)(v) = det g’g’v. Then the

k-form of Im(Q) which corresponds to x is

{v € Im(Q)z| det ¢'g'v € Im(0);}

= {v € Im(0);|¢'v € Im(0); }
= Im(A)k

Note that det ¢’ € k*.

The point is that given ¢’ € GL(W), if we put t = (det¢')?, g = (detg’)"1g’
then t2 det gg = (det g’)~tg’ (note that multiplying a scalar to ¢’ has the effect of
multiplying its inverse when applied to W*). In the text, we stated that this is ¢/,
and that’s why we needed the above adjustment.

(3) At the end of §2, if we follow the above argument, we put wy = (1, g1)w.
Then (2.26) must be replaced by

w1 = 2(w145 — €167 + €347 — €356 + 3123 + €246 + €257).
Also
le (y) = 23Qw(tgly) = 23 ' 6(:’/% +---+ y?)
and so Hy, C SO(Quw) is still of real rank zero.
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